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Abstract 
A numerical method for estimating the curvature, deflection and moment capacity of 
reinforced concrete beams strengthened with prestressed near-surface-mounted (NSM) FRP 
bars/strips is presented. A sectional analysis is carried out to predict the moment-curvature 
relationship from which beam deflections and moment capacity are then calculated. Based on 
the amount of FRP bars, different failure modes were identified, namely tensile rupture of 
prestressed FRP bars and concrete crushing before or after yielding of steel reinforcement. 
Comparisons between experimental results available in the literature and predicted curvature, 
moment capacity and deflection of reinforced concrete beams with prestressed NSM FRP 
reinforcements show good agreement. A parametric study concluded that higher prestressing 
levels improved the cracking and yielding loads, but decreased the beam ductility compared 
with beams strengthened with nonprestressed NSM FRP bars/strips. 
Keywords: A: Fibres; A:Hybrid; B: Corrosion; C: Numerical Analysis 
 
1. Introduction 
Fibre reinforced polymer (FRP) strengthening techniques in form of externally bonded (EB) 
or near-surface mounted (NSM) have recently become one of the most effective upgrading 
method for reinforced concrete (RC) members [1]. However, the brittle debonding or peeling 
failure of EB FRP reinforcements from strengthened members, especially in zones of high 
flexural and shear stresses limits the efficiency of EB strengthening method as it prevents the 
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strengthened members from achieving their maximum flexural/shear load capacities [2]. EB 
FRP reinforcements could also be highly susceptible to damage from collision, fire, 
ultraviolet rays, and moisture absorption [3]. To minimize these problems, and to improve the 
utilization of FRP materials, near-surface mounted reinforcement was recently introduced as a 
promising technique for strengthening reinforced concrete members [4-6]. NSM FRP 
reinforcement has better bonding to concrete than EB FRP systems and is also protected from 
natural hazards by concrete cover and less exposed to accidental damages [5]. 
Although flexural strengthening using NSM FRP reinforcement can remarkably increase the 
ultimate strength of RC members, their contribution to member stiffness and deflections is 
limited owing to the low FRP modulus of elasticity. Therefore, prestressed NSM FRP 
reinforcement has been recently implemented in reinforced concrete elements [7-9] to 
improve the efficiency of NSM strengthening technique. Prestressing NSM FRP 
reinforcement decreases stresses in both concrete and steel reinforcement as well as member 
deflections. However, the ductility of the prestressed strengthened beam is reduced compared 
with a non-prestressed strengthened beam as a portion of strain capacity of FRP reinforcement 
has already been used in prestressing. 
In the published literature, numerous research investigations (listed in [6]) have been reported 
on the flexural behaviour of RC members strengthened with non-prestressed NSM FRP 
reinforcement, but limited studies have been recently conducted on the use of prestressed 
NSM FRP reinforcement for strengthening RC structures [7-23]. Nordin and Täljsten [10] 
tested fifteen full-scale RC beams under static loadings with various combinations of 
prestressed NSM FRP. They concluded that concrete cracking and steel yielding load of the 
prestressed NSM FRP strengthened beams were increased and crack width was reduced 
compared with nonprestressed NSM FRP beams, leading to better durability. They also noted 
that the losses of stresses in NSM FRP reinforcement ranged from 2.8 -14.5% at the bar 
centre and 35-100% at the bar ends. The study by Badawi and Soudki [11-13] on reinforced 
concrete beams strengthened with prestressed NSM FRP rods under monotonic and fatigue 
loadings highlighted the enhancement of flexural performance of beams strengthened with 
prestressed NSM FRP. In other investigations, Oudah and El-Hacha [8, 14] found that 
increasing the prestressing levels of CFRP strips improved the service conditions but reduced 
the ductility of the beams tested. They also concluded that the fatigue life of the beams tested 
has been enhanced by reducing strains in steel reinforcement. 
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In the present study, a numerical method has been developed for the prediction of the 
moment–curvature relationship and, hence, moment capacity and deflections of reinforced 
concrete beams strengthened with prestressed NSM FRP rods. The validity of the proposed 
numerical model has been assessed by simulating the behaviour of experimentally tested RC 
beams strengthened with prestressed or non-prestressed NSM CFRP reinforcements. The 
effect of prestressing level on cracking, yielding, and ultimate loads were also investigated. 
The present study has also evaluated the applicability of various equations available in the 
literature for deflection predictions of FRP RC beams to RC beams strengthened with 
prestressed FRP rods. 
 
2. Numerical approach 
A numerical method for estimating the curvature, deflection and moment capacity of 
reinforced concrete beams strengthened with prestressed NSM FRP rods is developed. Force 
equilibrium and strain compatibility equations for a beam section divided into a number of 
segments are numerically solved due to the non-linear behaviour of concrete. The deflection 
is then obtained from the flexural rigidity at the mid-span section using the deflection formula 
for various load cases. The following section describes the process in greater details. 
 
2.1 Constitutive laws of the materials 
The stress-strain relationships of concrete, steel and prestressed FRP reinforcements 
implemented in this investigation are shown in Figure 1. However, the numerical technique 
proposed can accommodate other material models. CEB-FIP [24] model is adopted for 
concrete stress-strain relationship in compression as shown in Figure 1(a). This model can be 
represented by the following equations: 
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where fc and c are the compressive stress and strain in concrete, respectively, 
'
cf  is the 
cylinder compressive strength of concrete, co (=0.002) is the strain in concrete at maximum 
stress and cu (=0.0035) is the ultimate strain of concrete as shown in Figure 1(a). 
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A bi-linear stress-strain relationship is adopted to model concrete in tension as shown in 
Figure 1(b) and given below: 
 cttttt Ef    ((2(a)) 
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where tf  and t are the tensile stress and strain in concrete, respectively, tuf  )f0.62(
'
c and 
ct are the tensile strength and corresponding tensile strain of concrete, respectively, Et is the 
tensile modulus of concrete, assumed to be the same as Ec, and  is a factor controlling the 
rate of tensile strength decay. 
Reinforcing steel is modelled as an elastic-plastic material with yield stress fy as shown in 
Figure 1(c). The stress-strain relationship of FRP reinforcement is linear elastic up to rupture 
and given by: 
 fufrptfrptff Ef        (3) 
where ff and Ef  are the stress and modulus of elasticity of FRP bars, frpt  is the strain in FRP 
bars, and ffu and fu are the ultimate strength and strain of FRP bars, respectively, as shown in 
Figure 1(d). The total strain frpt in FRP reinforcement consists of the following strain values 
at different loading stages, 
)()()( loadfrpcfrppressfrpfrpt           (4) 
in which frp(pres) is the strain in FRP reinforcements due to the initial prestressing force, frp(c) 
is the strain in FRP at decompression in concrete at level of bars and frp(load) is the strain in 
FRP due to external applied loads. 
 
2.2 Moment–curvature relationship of FRP reinforced concrete sections 
 
The moment–curvature (M–φ) relationship of RC beams strengthened with prestressed FRP 
reinforcement can be idealized by three different zones as depicted in Fig. 2. The first region 
signifies the pre-cracking stage of concrete between the initial camber (point (ci)) and 
initiation of concrete cracks (point (ccr)), the intermediate zone represents the post-cracking 
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to steel yield initiation (point (sy)), followed by the post-yielding stage to the ultimate 
capacity point (uc). The strain distribution across the beam section at each of these points is 
also schematically shown in Fig. 2. 
It is to be noted that the effect of any sustained loads (for example dead loads) acting on the 
beam before the application of the prestressing force is not taken into account in the present 
loading sequence presented in Fig. 2. Such load effects would cause tensile strains and 
stresses in the longitudinal steel reinforcement and surrounding concrete and, consequently, 
the release of the prestressing force should reduce the tensile stresses induced by these loads. 
When releasing the prestressing force, an initial compression field in the longitudinal steel 
bars and surrounding concrete is introduced [10, 25, 26]. As the external loads increase, these 
compressive strains are converted to tensile strains. As expected, the load carrying capacities 
corresponding to concrete cracking and steel yielding initiation increase with the increase in 
the level of prestressing due to its initial compressive strain profile. 
Figure 3 shows the strain distributions of a concrete section reinforced with top and bottom 
steel reinforcing bars as well as prestressed FRP reinforcement due to initial prestressing. 
When FRP reinforcement is applied with a certain prestressing level, an initial negative 
camber (upward deflection) is exhibited due to the eccentricity (e) of the prestressing force 
(Tpr) in relation to the centroidal axis of the cross section (Fig. 3) at the pre-cracking stage. 
This negative camber causes a tensile strain at the top fibre (cpti) and a compressive strain at 
the bottom fibre (cpbi) of concrete. The equations of centroidal axis depth, cpi, transformed 
un-cracked second moment uncrI  of area, tensile and compressive strains at the top and bottom 
fibres are given below for the pre-cracking initial negative camber stage: 
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where Agrv is the area of prestressed NSM FRP reinforcement groove; As and 
'
sA  are the area 
of bottom and top steel reinforcing bars, respectively, Af  is the area of prestressed NSM FRP 
bars,  ns and nf are the modular ratio of steel and FRP reinforcement to concrete, respectively, 
h is the beam depth and b is the beam width, df  is the bottom FRP reinforcement depths, ds 
and 
'
sd  are the bottom and top steel reinforcement depths, respectively. In fact, due to the 
short-term prestress losses in FRP reinforcement after the release of the prestressing force, the 
effective prestressing force should be used in Eqs. (7) and (8) instead of the applied 
prestressing force (Tpr). However, the effect of these short-term prestrain losses was neglected 
in order to simplify the calculation procedure. It was also reported [10] that these initial losses 
are very small. It should be also noted that Eq. (7) are derived by assuming that no cracking 
occurs after the release of the prestressing force. 
The initial negative curvature of the prestressed strengthened beams (φi) can be determined by 
considering the neutral axis depth from the extreme top fibre of concrete (xpi) as follows: 
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As the external lateral loads increase, the compressive strains in the bottom fiber concrete are 
changed to tensile strains, followed by concrete cracking, initiation of steel yielding and post 
yielding stages up to ultimate flexural failure as shown in Fig 2. 
Figure 4 presents a reinforced concrete section strengthened with prestressed FRP after 
releasing the prestressing force and applying the actual working loads. The beam cross section 
is divided into a number of segments, n, to accommodate the nonlinear stress-strain 
relationships of concrete and steel in the analysis. The iterative numerical procedure starts by 
assuming a small value of strain at the concrete extreme compression fibre. For each strain c 
at the top level of concrete section, the neutral axis depth, x, is initially assumed and the 
correct value is iteratively obtained when equilibrium of forces is satisfied. According to the 
assumption that plane section before bending remains plane after bending, the strain in each 
concrete segment is linearly proportional to its distance from the neutral axis (Figure 4) as 
expressed below: 
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where εc is the strain at the top compression level of the reinforced concrete section and εi is 
the concrete compressive or tensile strain at mid-depth of i-th segment. 
Assuming perfect bond between concrete and reinforcing bars and strain compatibility, strains 
in tensile and compressive reinforcing steel and prestressed FRP bars can also be obtained 
from: 
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where )(loadfrp  indicates the strains in bottom prestressed FRP bars due to loading,
 
s  and
'
s  are 
the strain in bottom and top reinforcing steel bars, respectively. 
The corresponding stresses in each concrete segment, and tensile and compressive steel and 
FRP reinforcements can be calculated from the respective stress-strain relationships of 
concrete and reinforcements presented in Figure 1. The total concrete force including the 
contribution of compressive and tensile forces is calculated using Eq. (15) below: 
 bhfF i
n
i
cic 
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
1
 (15) 
where fci is the concrete compressive or tensile stress at the centroid of the i-th segment, hi 
(=h/n) is the thickness of the i-th segment, n is the total number of section segments. This 
summation extends over all compressive and tensile concrete segments. The forces in bottom 
and top reinforcing bars are estimated from: 
   )( )()()( loadfprcfprpressfrpfff EAT        and       ssss EAT                               (16) 
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Tf and Ef are the force and modulus of elasticity of bottom reinforcing prestressed FRP bars, 
respectively. In the same equations, Ts and Es are the force and modulus of elasticity of 
bottom reinforcing steel bars, and Cs and 
'
sE  are the corresponding values of top steel 
reinforcement. Eqs. (16) and (17) are also valid for different types of FRP bars, i.e., GFRP, 
AFRP and CFRP, provided that the appropriate modulus of elasticity, Ef, and tensile rupture, 
ffu, are used. Considering equilibrium of forces, the following equation is obtained: 
 sfsc T = T+CF   (18a) 
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In the above Eqs. (18), the neutral axis depth x is the only unknown. The value of x is 
iteratively adjusted using the bi-section method until sufficient equilibrium accuracy is 
attained, for example: 
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The beam curvature φ can also be determined from the strain distribution as follows (see 
Figure 4(b)): 
 
x
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The applied moment Mf of the section is then calculated by taking moments of internal forces 
about any horizontal axis, for instance about the neutral axis: 
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where Fci (=fcihib) is the concrete compressive or tensile force at the centroid of the i-th 
segment. 
The strain in the extreme concrete compression fibre is incrementally increased and the above 
procedure is repeated for each value of strain until the maximum concrete compressive strain 
reaches its ultimate compressive strain (cu =0.0035). During such strain increase, concrete 
crushing, rupture of FRP bars or yielding of steel reinforcement may occur depending on the 
amount of steel and prestressed FRP reinforcement provided. The section moment capacity 
Mfu is, therefore, the highest moment attained for various increments considered until failure. 
Based on the aforementioned procedure, a computer program has been developed for the 
moment-curvature relationship and moment capacity of reinforced concrete sections 
strengthened with non-prestressed and prestressed FRP reinforcement. The initial strains and 
negative curvature of the prestressed strengthened beams are also included in the analysis as 
presented in Eqs. (7-10). 
The present numerical method assumes perfect bond between concrete and reinforcing FRP 
bars/strips. However, there could be slip occurring between FRP bars and the epoxy (epoxy-
concrete interface along FRP bars), possibly due to shear deformation in the epoxy, resulting 
in strain incompatibility between the rod and surrounding concrete at the level of FRP 
bars/strips. As such bond slip occurs, the prestress loss could occur and the predicted load-
midspan deflection curves could also be stiffer than the experimental curves. Moreover, the 
strengthened beams may eventually fail due to the debonding of FRP bars, which results in a 
poor ductility and an inadequate utilization of FRP strength. The analysis considering the 
interface debonding can be carried out by means of finite element modelling [1, 27] rather 
than the sectional analysis. The interface slip between concrete and FRP bar/strips can be 
considered within the element formulation and the bond-slip law could be applied for 
describing the interaction between concrete and FRP strips. 
 
2.3 Validation of the proposed numerical model 
 
2.3.1. Flexural capacity prediction 
Test results of 17 reinforced concrete beams strengthened with FRP bars/strips collected from 
previous experimental investigations in the literature [7, 9-11, 15, 18] are used to validate the 
proposed numerical method. Table 1 lists the geometrical and material properties of all beams 
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considered. The level of the prestressing force applied to FRP reinforcements varied between 
20% and 60% of their tensile strength. All the 17 beams were reported to have failed in 
flexure; either by concrete crushing or FRP rupture failure modes. Comparisons between 
predictions from the current numerical technique and flexural moment capacities of all beams 
are presented in Table 2 and Figure 5. The average and standard deviation of the ratio 
between the present technique and experimental bending capacities, Mthe/Mexp, are 1.08 and 
19%, respectively. The ratio of Mthe/Mexp varies between 0.80 and 1.36. Overall, the 
predictions obtained from the current analysis are in good agreement with the experimental 
results except for the beam series of BPS1 to BPS5. It is to be noted that the tensile rupture 
strength of CFRP bars used in BPS1 to BPS5 quoted in the original investigation [10] was 
exceptionally higher than that of CFRP bars used for the other group BPM1 to BPM4. 
However, when the tensile strength of CFRP bars in beams BPS1 to BPS5 is assumed to be 
the same as that for beams BPM1 to BPM4 of the same investigation, the predictions from the 
current technique are far much improved as presented in Table 2. The failure modes are also 
correctly predicted by the present technique for 16 beams considered as reported in Table 2. 
 
 
2.3.2. Moment–curvature relationship 
The moment–curvature results obtained from the numerical technique are compared with the 
experimental results of reinforced concrete beams strengthened with prestressed FRP strips 
tested by El-Hacha and Gaafar [9] as shown in Fig. 6. The geometrical dimensions, 
reinforcement details and material properties of reinforced concrete beams considered are 
given in Table 1. 
The numerical results obtained from the present technique are in good agreement with the test 
results beams as depicted in Figure 6. It also indicates that the proposed technique is able to 
accurately predict various features of the moment-curvature relationship, including the first 
cracking load, yielding and post yielding of steel, and eventually FRP rupture. 
 
3. Effect of prestressing force and amount of FRP reinforcement 
The proposed numerical technique has been employed to study the effect of prestressing level 
and amount of FRP reinforcement on the moment-curvature relationship as presented below. 
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3.1 Effect of amount of FRP reinforcement 
The influence of the amount of FRP bars/strips was examined by comparing the moment 
curvature relationships of reinforced concrete beams as predicted in Fig. 7: Fig. 7a for under 
reinforced and Fig. 7b for over reinforced sections. 
The dimensions and concrete properties are the same for all beams considered in Figure 7; b 
= 200 mm, h = 300 mm, fcʹ = 35 N/mm
2
, Ef=160 kN/mm
2
, ffu=2800 N/mm
2
, f(pr)(Tpr/Af)=560 
N/mm
2
, As=402 mm
2
 and fy=480 N/mm
2
. It can be observed from Figure 7 (a-b) that the initial 
linear stiffness is similar for all beams studied. The end of the linear phase is identified by 
concrete cracking and, consequently, reinforcing bars play a more significant role in 
controlling the beam stiffness depending on the amount of FRP reinforcement. After cracking, 
the moment-curvature relationship has a less gradient than the initial uncracked part owing to 
the decrease in the beam stiffness. The reduction in stiffness due to cracking is almost the 
same in the beams having different amount of FRP reinforcement for both under and over 
reinforced case. The end of the second part of moment curvature relationships marked the 
yielding of tensile steel reinforcement, and was followed by a softer slope until FRP rupture 
or concrete crushing. In this phase, FRP prestressed reinforcement showed a more influential 
role in resisting loads after yielding of steel. As seen in Figure 7(a-b), the beam stiffness 
increases with the increase of prestressed FRP reinforcement after the steel yielding; the 
higher the amount of presetressed NSM FRP reinforcement, the higher the stiffness. For the 
underreinforced concrete section, although there is a sudden drop in bending moment resulted 
from the rupture of FRP bars, some residual ductility is exhibited by the beam up to concrete 
crushing as the steel reinforcement is still far below its breaking point (Figure 7(a)). The 
results show that the concrete cracking and steel yielding loads increase with the incerase in 
the area of FRP reinforcement for both under reinforced and over reinforced sections. 
 
3.2 Effect of prestressing level 
The current numerical technique has also been employed to study the effect of prestressing 
level on the flexural behavior of strengthened RC beams as depicted in Figure 8. The 
dimensions, concrete properties, amount of steel and FRP reinforcement and loading of beams 
in Fig. 8 are similar to the beams tested by Badawi and Soudki [10]; b = 152 mm, h = 254 
mm,  fc = 35N/mm
2
, Af=70.85 mm
2
, As=402 mm
2
, fy=480 N/mm
2
; ffu=1970 N/mm
2
 and Ef=136 
kN/mm
2
. The level of the prestressing force for FRP reinforcement changed between 20% and 
80% of tensile strength of FRP reinforcement used in the beams. Figure 8 indicates that all the 
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strengthened beams exhibit similar behaviour before or after concrete cracking and steel 
yielding. 
The effect of increasing the prestressing level on the cracking, yielding, and ultimate moments 
of the same beams is shown in Figure 9. It can be observed that increasing the prestressing 
levels significantly increased the cracking loads but had almost no effect on the ultimate loads 
as also concluded in [9, 10]. The forces that were introduced in the lower part of the beam due 
to FRP prestressing increased the loads needed to create cracks in concrete. As higher 
prestressing forces lead to higher stresses in concrete and steel, higher loads are needed to 
counteract those forces. As for the steel yielding, the higher prestressing levels delay the steel 
yielding to higher loads. 
Figure 10 shows the effect of the prestressing level on the ductility index of the beams 
considered above. The ductility index is taken as the ratio of the deflection at the ultimate load 
to that at a load causing yielding in the tension steel reinforcement. The ductility of the 
unstrengthened beam, shown for comparison purposes, is also calculated. As seen in Fig. 10, 
the ductility index continuously decreases as the prestressing level increases. For a range of 
prestressing between 0% and 60% considered in this study, there is a roughly linear 
relationship between the reduction of the ductility index of the strengthened beams and the 
prestressing level especially after the 20% prestress level. The reductions in the ductility 
index compared to the control beam for the 0%, 20%, 40% and 60% prestressed strengthened 
beams are 43%, 47%, 60%, and 72%. It should be expressed that the beams with a higher 
prestressing level lost part of their ductility at failure due to the fact that a large proportion of 
the possible strain in the FRP reinforcement was used during prestressing, resulting in failure 
at a smaller curvature and thus deflections. 
Fig. 11 also indicates the variation of flexural rigidity, EIeff, of beams with different 
prestressing level against the applied moment. The effective flexural rigidity curve consists of 
different segments, indicating the pre-cracking, post-cracking, yielding of steel, and FRP 
rupture. In the pre-cracking stage, the beams showed the highest flexural stiffness. Once the 
beams cracked, the flexural rigidity was notably reduced but remained almost constant until 
yielding of steel reinforcement. A further reduction of EIeff is depicted after the yielding of 
tensile steel reinforcement up to FRP rupture. Fig. 11 indicates that all the beams with 
different prestressing levels follow nearly the same trend except for beams with 80% of 
prestressing levels reaching its FRP rupture stage before steel yielding. 
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4. Failure modes of reinforced concrete beams strengthened with FRP bars/strips 
The balanced condition for reinforced concrete beams reinforced with prestressed NSM FRP 
bars is proposed in a way such that concrete crushing in compression and rupture of FRP 
reinforcement simultaneously occur, while steel reinforcement would have already yielded 
[26]. According to the existing research, the most common failure mode of the prestressed 
NSM beams was the rupture of FRP reinforcement [7-23]. This failure mode could be 
attributed to the relatively low FRP section area-to-beam width ratio as each beam was 
typically strengthened with one FRP reinforcement. However, there will always be the 
requirement of using multiple FRP reinforcements when the load-carrying capacity of 
structures needs to be significantly increased. Figure 12 shows the strain distribution for 
various modes of failure as explained below in more details. 
 
4.1 Mode I: Tensile rupture of prestressed FRP bars 
When εc =εcu and εfprt=εfu simultaneously take place, the strain distribution is unique and the 
neutral axis depth xl is calculated using Eq. (12) with εfrp(load) and εc replaced by εfu and 
0.0035, respectively: 
0.0035
0.0035
l f
fu
x d



        (22) 
When the area Af of FRP reinforcement is below a certain value Afl, FRP brittle rupture occurs 
before concrete crushing. For a given area As of steel reinforcement, the limiting area Afl of 
FRP bars can be readily calculated from Eq. 18(b) with fs and ff replaced by fy and ffu, 
respectively: 
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1              (23) 
where ε's is calculated from Eq. (14) with x and εc replaced by xl and 0·0035, respectively. The 
area Afl of FRP bars (given by Eq. (23)) forms a lower limit for the amount of FRP bars in 
order to avoid tensile FRP rupture. Figure 12(a) shows the strain distribution in case of Af < 
Afl. 
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4.2 Mode II: Yielding of steel reinforcement followed by crushing of concrete 
This mode of failure is characterized by yielding of steel reinforcement followed by crushing 
of concrete, before rupture of FRP reinforcement (see Figure 12(b) for strain distribution). In 
this case, the area of prestressed NSM FRP bars exceeds Afl, therefore tensile rupture of 
prestressed NSM FRP bars would not occur. This case is similar to the under-reinforced 
section of conventional reinforced concrete beams. The upper limit to the area of FRP bars, 
Afu, is attained when strains εc in the extreme compression fibre of concrete and εs in the 
tension reinforcement simultaneously reach εcu and εy, respectively. By following similar 
calculations to those presented above for mode I, the neutral axis depth xu and the area Afu of 
FRP bars corresponding to this upper limit of FRP bars are calculated from: 
 
y
su dx


0035.0
0035.0
                         (24) 
)(
1
frptf
ysSS
n
i
sici
fu
E
fAEAbhf
A

 


            (25) 
where ε's and εfrpt  are calculated from Eqs. (4), (12) and (14), with x and εc replaced by xu and 
0·0035, respectively. 
The neutral axis depth xu given by Eq. (24) is the same as that defining the balanced section 
for conventional reinforced concrete beams. To ensure ductile flexural behaviour, the area of 
FRP bars provided should be smaller than Afu given in Eq. (25) and greater than Afl to achieve 
ductile failure by yielding of steel reinforcement and crushing of concrete, before rupture of 
FRP reinforcement. 
 
4.3 Mode III: Crushing of concrete before yielding of steel reinforcement (over-
reinforced case) 
If the area of FRP bars used exceeds Afu, the concrete strain εc reaches the ultimate value εcu 
before any yielding of tension reinforcement or FRP rupture as shown in Figure 12(c). In this 
case, there is a large amount of steel and FRP bars and the section is over-reinforced. Such 
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failure, often explosive, occurs with little warning, similar to that of conventional over 
reinforced concrete beams. 
 
 
4.4 Effect of size of steel and prestressed FRP bars/strips on the bending capacity 
Figure 13 presents the effect of steel and prestressed FRP reinforcements on the normalized 
moment capacity η (= Mf/bd
2
): Figure 13(a) shows the variation of the normalized moment 
capacity η against the steel reinforcement ratio ρs (= 100As/bd) whereas Figure 13(b) gives the 
variation of the normalized moment capacity η against the FRP reinforcement ratio ρf (= 
100Af/bd). The dotted lines in Figure 13 represent the boundaries of different flexural failure 
modes as explained above. 
The effect of prestressed FRP reinforcement on moment capacity is more pronounced for 
strengthened reinforced concrete sections having less area of steel reinforcement when mode I 
and mode II dominate the flexural behaviour of reinforced concrete beams. However, the rate 
of the effect of FRP reinforcement decreases as the amount of steel reinforcement increases. 
On the other hand, the increase in the normalized moment capacity η is insignificant when 
mode III (crushing of concrete before yielding of steel and rupture of FRP) dominates the 
flexural failure. The higher the amount of prestressed NSM FRP bars, the less the rate of 
increase of the normalized moment capacity η for the same amount of steel reinforcement 
ratio ρs. Therefore, the upper limit for the area of prestressed NSM FRP reinforcement, Afu 
given by (Eq. (25)), indicates the optimum use of FRP reinforcement and exhibits more 
ductility. However, it should be noted that, with the increase of FRP section area-to-beam 
width ratio, the failure mode may be changed as there is a probability that concrete cover 
cannot resist the normal and shear stresses induced by NSM FRP reinforcements. 
 
5. Deflection predictions 
In this section, a simplified method for deflection calculation of reinforced concrete beams 
strengthened with prestressed NSM FRP rods is developed from the moment-curvature 
relationship presented above. The effective flexural rigidity, EIeff, of the member at the 
location of the maximum moment is firstly determined from the moment–curvature 
relationship at each loading as: 
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
M
EI eff                        (26) 
The mid-span deflection, Δ, of strengthened reinforced concrete beams is then calculated 
using the elastic deflection formula, for example, the immediate deflection of simply 
supported beams loaded with two-point loads, each P/2, could be also computed from Eq. (27) 
as follows: 
effEI
aLP
24
)43)(2/( 22 
          (27) 
where a is the shear span and L is the beam span length. The initial camber of the 
strengthened beams due the initial prestressing force, Tpr, can also be computed by 
considering the constant curvature variation due to the prestressed end moment Mpr (=Tpr*e, 
where e is the force eccentricity) as: 
uncr
pr
EI
LM
8
2
          (28) 
This initial camber has to be allowed for when calculating the total beam deflection. The 
applicability of different models available in the literature for deflection calculations of FRP 
reinforced concrete beams to RC concrete beams strengthened with prestressed FRP 
reinforcement is also evaluated by comparing their predictions against the experimental 
results as well as the current numerical technique. 
The ACI Committee 440-06 [6] provides a modified version of Branson’s equation that 
includes a reduction coefficient, d, related to the reduced tension stiffening exhibited by FRP 
reinforced concrete members as follows: 
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where I1 and I2 are the moments of inertia of the gross and cracked transformed concrete 
sections considering the contribution of steel and FRP reinforcement to the stiffness, 
respectively, M is the applied bending moment, Mcr is the flexural cracking moment, ßd is a 
reduction coefficient given by Eq. (30), ρf (=Af /bd) is the FRP reinforcement ratio, Af is the 
area of tensile FRP reinforcement, b and d are width and effective depth of FRP reinforced 
concrete beams and fb is the balanced FRP reinforcement ratio. 
ISIS Canadian network design manual [28] suggested that the effective moment Ieff of inertia 
for deflection calculations of FRP reinforced concrete members can be taken as: 
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On the other hand, Bischoff [29] recommended the following expression related to an 
equivalent moment of inertia based on the tension-stiffening effect on curvature: 
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The mid-span experimental deflections of beams tested by Gaafar and El-Hacha [9] and 
Badawi and Soudki [11] are compared with the predictions from the current numerical 
technique and other models in Eqs. (29) to (32); see Figure 14(a-d). The geometrical 
dimensions, reinforcement details and material properties of beams considered are given in 
Table 1. The deflection results obtained from the present numerical technique agree well with 
the test results. Figure 14 indicates that the present technique is able to predict both the pre 
and post cracking deflections and to capture the beam stiffness and deflection after yielding of 
steel. Figure 14 also shows that the deflections predicted by different models compare well at 
low load levels before and after the first cracking load. However, the predictions of all the 
models considered significantly underestimate the experimental results for high load levels. 
 
5. Conclusions 
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An iterative numerical method based on equilibrium of forces and compatibility of strains has 
been developed to evaluate the moment-curvature relationship, moment capacity and 
deflections of reinforced concrete beams strengthened with prestressed NSM FRP rods. 
Comparisons between the predicted moment capacity, curvatures and deflections of 
strengthened reinforced concrete beams and experimental results available in the literature 
show good agreement.The proposed method is able to predict both the pre and post cracking 
deflections up to the beam failure and to capture the beam behaviour after yielding of steel 
reinforcements. The deflections predicted by different models compare well at low load levels 
before and after the first cracking load, but, for high load levels, the predictions of all models 
considered significantly underestimate the experimental results. 
A parametric study concluded that the use of prestressed NSM FRP reinforcement in 
reinforced concrete beams improved the service conditions of beams. Increasing the 
prestressing levels increased the cracking and yielding loads but had almost no effect on the 
ultimate loads. The ductility of beams also decreases as the prestressing level increases. 
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Fig. 1 Concrete, steel and FRP stress–strain relationships. 
 fc 
c 
co cu 
 
Parabolic curve 
(a) Concrete in compression 
Ec 
 ft 
t 
ct 
 ftu 
μct 
(b) Concrete in tension 
Et 
 ff 
f 
fu 
 ffu 
(d) FRP composites 
Ef 
 fs 
s 
y 
 fy 
(c) Steel 
Es 
  
 
 
 
 
 
 
 
 
 
 
 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 2 Critical points of the trilinear moment curvature diagram of reinforced concrete 
beams strengthened with prestressed strengthened beams. 
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Fig. 3 Strain distributions of reinforced concrete section strengthened with prestressed NSM FRP 
reinforcement due to initial prestress 
 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 4 Strains, stresses and forces of reinforced concrete section strengthened with prestressed NSM FRP 
reinforcement 
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Fig. 6 Comparison of predicted and experimental moment-curvature relationships of 
reinforced concrete beams strengthened with and without prestressed NSM FRP 
reinforcement 
Fig. 5 Experimental versus predicted moment capacities of reinforced concrete 
beams strengthened with prestressed NSM FRP reinforcement 
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Fig. 7 (a-b) Moment-curvature relationships of under and over reinforced concrete beams 
strengthened with prestressed FRP bars. 
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Fig. 8 Effect of prestress level on the flexural behavior of strengthened prestressed beams 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
Fig. 10 Effect of increasing the prestressing level on the ductility of concrete beams 
Fig. 9 Effect of increasing the prestressing level on the cracking, yielding, and ultimate moments 
  
 
 
 
 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 11 Effective flexural stiffness variations 
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Fig. 12 Strain distributions for different amount of prestressed FRP reinforcement at failure  
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(b) Variation of normalised moment capacity against the area of FRP reinforcement 
Fig. 13 (a-b) Effect of steel and FRP reinforcements on the normalised moment capacity 
(a) Variation of normalised moment capacity against the area of steel reinforcement 
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Fig. 14 (a-e) Comparison between experimental and theoretical deflections of reinforced 
concrete beams strengthened with prestressed NSM FRP bars tested in the literature 
TABLE CAPTIONS 
Table 1 Details of concrete beams reinforced with prestressed NSM FRP bars/strips tested in the literature. 
Table 2 Comparisons between the theoretical and experimental flexural moment capacities of concrete beams reinforced with prestressed NSM 
FRP bars/strips tested in the literature. 
 
  
Table 1 Details of concrete beams reinforced with prestressed NSM FRP bars/strips tested in the literature. 
Reference 
Beam 
notation 
Width 
(mm) 
Overall 
depth 
(mm) 
Span (mm) 
'
cf  (MPa) 
Af 
(mm
2
) 
As 
(mm
2
) 
Ef (kN/mm
2
) 
 
Prestress 
(N/mm
2
) 
Type of FRP 
[7] 
B2-20% 200 400 5000 40.7 65 
 
600 130 421 CFRP rods 
B2-40% 200 400 5000 40 65 
 
600 130 807 CFRP rods 
[9] 
B1-20% 200 400 5000 40 64 
 
600 145 522 CFRP strips 
B1-40% 200 400 5000 40 64 
 
600 145 1044 CFRP strips 
B1-60% 200 400 5000 40 64 
 
600 145 1566 CFRP strips 
[10] 
BPM1 200 300 3600 63 100 402 250 320 CFRP rods 
BPM2 200 300 3600 62 100 402 250 320 CFRP rods 
BPM3 200 300 3600 65 100 402 250 540 CFRP rods 
BPM4 200 300 3600 66 100 402 250 380 CFRP rods 
BPS1 200 300 3600 68 100 402 160 290 CFRP rods 
BPS2 200 300 3600 68 100 402 160 300 CFRP rods 
BPS3 200 300 3600 66 100 402 160 330 CFRP rods 
BPS4 200 300 3600 64 100 402 160 350 CFRP rods 
BPS5 200 300 3600 67 100 402 160 560 CFRP rods 
BPS6 200 300 3600 67 100 402 160 560 CFRP rods 
[11] 
40% pres 152 254 3300 47.9 70.85 353.25 136 788 CFRP bar 
60% pres 152 254 3300 47.9 70.85 353.25 136 1182 CFRP bar 
[15] 
PRS2N20-
BL330 
200 300 3300 51.68 64 402 131 1000 CFRP strips 
PRS2N20-AN 200 300 3300 50.58 64 401 131 1000 CFRP strips 
[18] ROD-PRE-20 200 300 3400 31.3 63.6 213 121 375 CFRP strips 
Note: Ef is the modulus of elasticity of prestressed FRP longitudinal bars/strips, Af  and As are FRP and steel reinforcement areas and 
'
cf  is the 
cylinder compressive strength of concrete. If concrete cylinder compressive strength 
'
cf  is not measured in experimental investigation, it is 
assumed that
' 0.85c cuf f , where cuf  is the concrete cube compressive strength. 
 
 
 
 
Table 2 Comparisons between the theoretical and experimental flexural moment capacities of concrete beams reinforced with prestressed NSM 
FRP bars/strips tested in the literature. 
Reference 
Beam 
notation 
Mexp 
(kN) 
Mpred 
(kN) 
Mpred/ Mexp 
Experimental 
mode of 
failure 
[7] 
B2-20% 141 130.5 0.93 SY-FRPR 
B2-40% 141.7 134.12 0.95 SY-FRPR 
[9] 
B1-20% 148 135.28 0.91 SY-FRPR 
B1-40% 149 144.37 0.97 SY-FRPR 
B1-60% 148 143.71 0.97 SY-FRPR 
[10] 
BPM1 83.2 92.74 1.11 SY-FRPR 
BPM2 85.8 94.77 1.1 SY-FRPR 
BPM3 85.15 95.26 1.12 SY-FRPR 
BPM4 79.95 92.72 1.16 SY-FRPR 
BPS1 78.65 106.17 1.35(1.12)** SY-FRPR 
BPS2 78.65 106.36 1.35(1.12)** SY-FRPR 
BPS3 78 105.8 1.35(1.13)** SY-FRPR 
BPS4 79.95 105 1.31(1.07)** SY-FRPR 
BPS5 79.9 105.86 1.32(1.08)** SY-FRPR 
BPS6 96.2 105.86 1.1(0.9)** SY-CC
* 
[11] 
40% pres 63.25 59.45 0.94 SY-FRPR 
60% pres 61.6 60.36 0.98 SY-FRPR 
[15] 
PRS2N20-BL330 109.2 98.73 0.9 SY-FRPR 
PRS2N20-AN 106.8 98.38 0.92 SY-FRPR 
[18] ROD-PRE-20 53.18 46.83 0.87 SY-FRPR 
   Average 1.08(1.01)**  
   
Standard deviation 
(%) 
17.2% 
(9.7%)** 
 
   
Coefficient of 
variation (%) 
15.93% 
(8.82%)** 
 
Note: Mexp and Mthe are the experimental and theoretical moment capacities of prestressed FRP strengthened sections. Experimental failure modes: SY-CC refers 
to steel yielding followed by concrete crushing and SY-FRPR indicates steel yielding followed by FRP rupture modes of failure. 
*Indicates disagreement between predicted and experimentally observed flexural failure modes. 
** Values in brackets are the ratio between predicted and experimental moment capacities when the tensile strength of CFRP bars in beams BPS1 to BPS5 is 
assumed as that for beams BM1 to BM4 of the same investigation. 
